We study the BRST-cohomology in the quantum hamiltonian reduction of affine Lie algebras of non-simply laced type. We obtain the free field realization of the W g-algebra for g = B 2 , B 3 , C 3 and G 2 . The W C 3 algebra is shown to be equal to the W B 3 algebra at the quantum level by duality transformation.
W -algebra symmetry [1, 2] plays an important role in the classification of rational conformal field theory and integrable systems such as Toda field theory and 2d gravity.
The classical W g-algebra associated with a simple Lie algebra g can be realized as the second hamiltonian structure of the generalized KdV hierarchy [3] . The classical hamiltonian reduction of affine Lie algebra provides a systematic method to the construction of generalized KdV hierarchy associated with any Lie algebra [4] . In order to study the quantum W algebra it is necessary to calculate operator product expansions of normalordered composite operators. The most general form of the W -algebra can be determined by consistency conditions such as the Jacobi identity. Such an approach has been done systematically for the W -algebras with two and three generators [5, 6] . However, it is technically difficult to extend this approach to general W -algebra because of the lack of Lie algebraic viewpoint.
The free field realization of the W g algebra is a crucial step to understand the representation of the algebra, correlation functions through screening operators, which is defined as the commutant of the W -algebra. So far the free field realization is well-understood for the W g-algebra for simply laced Lie algebras g = A n and D n [7] . The W g-algebra based on a simply laced Lie algebra has self-dual property in the torus, on which free bosons are compactified. Self-duality allows us to generalize the classical Miura transformation to the quantum one by taking normal ordered product of the scalar Lax operator and replacing the level k of an affine Lie algebra by a parameter α 0 = a − 1/a , where a = √ k + h ∨ and h ∨ is the dual Coxeter number.
Concerning the quantum W g algebra associated with a non-simply laced Lie algebra g, it gets non-trivial quantum correction due to the lack of self-duality. In fact, the classical Miura transformation for non-simply laced Lie algebra does not work in the quantum case.
The purpose of the present article is to study the free field realization of the quantum W -algebra associated with non-simply laced Lie algebras. We will use the method of quantum hamiltonian reduction [8, 9, 10] based on the BRST quantization. We examine the BRST cohomology explicitly for non-simply laced Lie algebras B 2 , B 3 , C 3 and G 2 .
An interesting properties in non-simply laced Lie algebra is the duality relation between Lie algebras B n and C n . This duality predicts a unique quantum W algebra for BC type Lie algebra [11] . We will confirm this duality for BC 3 case.
Let g be a simple Lie algebra g with rank r. ∆ the set of roots g, ∆ + the set of positive roots and α 1 , . . . , α r the simple roots. Let {t a } be a basis of g, satisfying commutation In the following we shall use the Chevalley canonical basis: {t a } = {e α , h i } (α ∈ ∆, i = 1, . . . , r), with commutation relations:
The metric g a,b is defined by g α,β = 2δ α+β,0 /α 2 and g i,j = δ i,j , which are used to raise and lower indices of the generators.
be a sl(2) subalgebra of g. The principal embedding of sl(2) into g is characterized by [12] . With respect to the principal sl(2) embedding g may be decomposed as g = ⊕ k g k , where g k ≡ {x ∈ g; (adx 0 )x = kx} is a 2k + 1 dimensional subspace in g and k runs over the exponents of g. The affine Lie algebraĝ at level k is generated by the currents {J a (z)} = {J α (z), H i (z)} (α ∈ ∆, i = 1, . . . , r) satisfying the operator product expansions:
g admits a triangular decompositionĝ =n + ⊕ĥ ⊕n − , where the algebran + (n − ) is generated by the currents which correspond to the positive (negative) roots of g,ĥ by the Cartan currents H i (z).
Let us consider the constraints for the currents associated with the principal sl (2) embedding into g:
Denote M the phase space with the above constraint. We may consider the reduced phase space R by taking quotient space with respect to the residual gauge symmetry generated byn + . Classically, R carries the Poisson bracket structure. By choosing a special gauge,
we have the representation of the classical W -algebra [4] .
We shall use the BRST formalism to quantize this system. We introduce fermionic ghost fields (b α (z), c α (z)) (α ∈ ∆ + ) with operator product expansion:
Define the BRST charge:
where J BRST (z) is the BRST current
The normal ordered product (AB)(z) for operators A(z) and B(z) is defined by
The BRST operator Q BRST satisfies the nilpotency condition Q 2 BRST = 0. The physical Hilbert space may be characterized by investigating the Q BRST -cohomology.
The information of the W -algebra is contained in the cohomology on the space of the universal enveloping algebra U(ĝ) and the Clifford algebra Cl b,c generated by the fermionic ghost fields. We decompose the BRST current into two parts:
Define fermionic charges Q i by the contour integration of J i (z). Since these charges
, we may use the spectral sequence technique for the double complex generated by Q 0 and Q 1 [13] . The operator Q 0 is the canonical coboundary operator of the nilpotent subalgebran + . The operator Q 1 defines a gradation in the BRST complex associated with the principal embedding sl(2) intoĝ.
Feigin and Frenkel analyzed this complex by taking Q 0 -cohomology first [9] . Under the Q 0 -cohomology, the Q 1 -cohomology reduces to the problem of finding conserved currents in quantum Toda field theory [15] . On the other hand, De Boer and Tjin studied the BRSTcomplex by taking the Q 1 -cohomology first [10] . They observed that the components of non-trivial cohomology which have zero gradation in total degree of the double complex form a closed algebra and the generators are nothing but a free field realization.
For the analysis of the BRST cohomology, it is convenient to introduce new currentŝ
modified by ghost fields. We decompose the set of modified currents {Ĵ a } into the submodules ⊕ k V k under the principal sl(2) embedding, where k belongs to the set of exponents
and b α is a non-trivial element in the BRST complex, the pairs (b α ,Ĵ α − χ(J α )) form the BRST doublets and decouples from the non-trivial cohomology. Therefore we consider the BRST-cohomology on the reduced complex A red , which is spanned by other modified currents and ghost fields. First we study the Q 1 -cohomology H Q 1 (A red ) on the reduced complex A red . Since the lowest componentÎ
belongs to the kernel of Q 1 , we can chooseÎ
In order to obtain observables of the full BRST-cohomology, we need to solve the descent equation:
The generators of the total BRST cohomology are given by
where
k+1 ) = 0. Now we consider the BRST complex for B (1) n case. The positive roots system of Lie algebra B n is e i − e j , e i + e j (i < j) and e i , where we introduced an orthonormal basis e i (i = 1, . . . , n) satisfying e i · e j = δ i,j . The fundamental representation of B n is given by (2n + 1) × (2n + 1) matrix of the form
and e −α = t e α , 2α · h/α 2 = [e α , e −α ]. The structure constants can be easily calculated from this representation.
We discuss the B 2 case for simplicity. The principal sl(2) decomposition
2 is given bŷ
The Q 1 -cohomology is generated by W (9), we get
where 
The last components W
2 and W
4 in the double complex are expressed in terms of zero degree fieldsÎ 1 0 andÎ 3 0 . Introduce free bosons ϕ i (z) (i = 1, 2) by ia∂ϕ j = e j ·Ĥ where a = √ k + 3 and ϕ i (z)ϕ j (w) = − log(z − w) + · · ·. One finds that the fields
2 (z),
4 (z) (15) generates the W B 2 algebra [14] with the central charge
In terms of free fields, the generators of the W B 2 algebra are expressed as is defined by
The present free field realization agrees with that obtained in ref. [15] .
By a similar procedure we may construct the free field realization of W B 3 -algebra.
We define the energy-momentum tensor T (z) and quasi-primary fields W 4 (z) and W 6 (z)
with spins 4 and 6, respectively as follows:
4 (z),
where a = √ k + 5. The central charge is c = 267 − 105/a 2 − 168a 2 . As in the case of W B 2 , we introduce free bosons p i ≡ e i ·Ĥ/a. The free field realization of T (z) and W 4 is given by
Note that the W -current W ∆ (z) of spin ∆ can be expressed as
in terms of free fields p j = i∂ϕ j (j = 1, . . .). Here i 1 , i 2 . . . are non-negative integers and
The list of non-zero coefficients of the spin 6 field W 6 (z) is given in Table 1 .
The spin 4 and 6 primary W -currents W 4 (z) and W 6 (z) are defined by The W B 3 algebra is consistent with the third solution of the W 4,6 algebra in Ref. [5] , which was calculated from the Jacobi identities.
We have also calculated the BRST-cohomology for an affine Lie algebra C . A Lie algebra C n has simple roots α i = (e i − e i+1 )/ √ 2, (i = 1, · · · , n − 1) and α n = √ 2e n , which are equal to simple co-roots of B n . The cohomological analysis shows that the observables exist at spin 2,4 and 6. Spin 4 and 6 quasi-primary fields W
4 , W 
3 . However, if one makes primary fields from these quasi-primary fields, one finds that the W -currents are equal to those of B For an exceptional Lie algebra G 2 , we may compute its structure constant by considering the seven-dimensional representation, which can be embedded into the vector representation of B 3 :
Here α 1 = e 1 − e 2 and α 2 = e 2 − 1 3
(e 1 + e 2 + e 3 ) are simple roots. By investigationg the BRST-cohomology, one finds that generators of the W G 2 algebra are
6 (z).
By introducing free fields √ 2p 1 = α 1 ·Ĥ/a and 3/2p 2 = λ 2 ·Ĥ/a, where λ i denotes the fundamental weight of G 2 and a = √ k + 4, the energy momentum tensor becomes
The spin 6 field W 6 is shown in Table 2 . We may construct primary field as
where The currents (T, W 6 ) form a closed algebra, which is consistent with the previous Jacobiidentity analysis [5, 6] .
In the present article, we have examined the quantum hamiltonain reduction of nonsimply affine Lie algebra with rank two and three. We have explicitly constructed higher spin currents of the W -algebra in term of free bosons. Altough it is still technically difficult to generalize the present approach to arbitrary affine Lie algebra, it would be possible to obtain the free field realization of the W -currents with spin three or four.
In order to study the representation of the quantum W -alagbera, we need to introduce screening operators. The unitary representation of the W BC n algebra is particularly interesting subject since it does not seem to correspond to any coset construction [17] .
We may also consider various generalization of the present quantum hamiltonian reduction ( non-principal sl(2) embeddings, affine Lie superalgebras etc. ) [16] . We have observed that the present quantum hamiltonian reduction gives a natural generalization of the classical Drinfeld-Sokolov approach, which can be applicable to any affine Lie algebra.
Hence it is natural to ask how one can introduce an spectral parameter in the quantum hamiltonian reduction, which would give an explict and systematic method to construct the qunatum conserved currents in a massive integrable field theory [18] . These subjects will be discussed elsewhere. 
